Abstract. All primitive trinomials over GF (2) with degree 859433 (which is the 33rd Mersenne exponent) are presented. They are X 859433 + X 288477 + 1 and its reciprocal. Also two examples of primitive pentanomials over GF (2) with degree 86243 (which is the 28th Mersenne exponent) are presented. The sieve used is briefly described.
Introduction
Primitive t-nomials (t-term polynomials) over GF (2) are useful in applications like random number generation, coding theory, and cryptography. Heringa et al. [H] exhaustively listed all primitive trinomials of Mersenne exponent degree up to the 31st Mersenne exponent 216091. This note is an extension of that work.
Let M n denote the nth Mersenne exponent (for example, M 28 = 86243 and 2 M28 − 1 is known to be a prime). As of November 27, 1998, 37 Mersenne exponents had been found. 3021377 is the greatest of them. An exhaustive primality test of all exponents less than 2000000 has been carried out (it proves that M 35 = 1398269 Thus by computing gcd(f (X), X kn − 1), we know whether f (X) has a factor of degree m|n.
Sieve I: mod k test. One can determine easily whether gcd(f (X), X k − 1) = 1 for small k as follows. If it equals 1, then f (X) goes forward to the next sieve. Let k be an odd positive integer. Then
So fix p, and put
This set can be obtained by exhaustive search forq ∈ Z/kZ. If for a given q there exists a k with (q mod k) ∈ R k , then X p + X q + 1 is reducible. We compute R k for k = 3, 5, 7, . . . , k 12 + 2, and k = k 13 , k 14 , k 15 . We reject q if for one of above k we have (q mod k) ∈ R k . This test rejects about 89% of the candidates.
Sieve II: direct gcd test. Let f (X) be a trinomial which passed Sieve I. By computing gcd(f (X), X kn − 1) (n = 16, 17, 18) we can eliminate some candidates. Sieves I and II reject about 91% of the candidates.
Sieve III is a necessary and sufficient irreducibility test based on Theorem 1 (see below). The following description is quoted from [M] .
Let S ∞ denote the GF (2) -vector space of all infinite sequences of zeros and ones. That is,
Let D (delay operator) and H (decimation operator) be linear operators from S
Let ϕ(X) be the characteristic polynomial of a linear recurrence, and let χ be an element of S ∞ . Then, χ satisfies the recurrence if and only if ϕ(D)χ = 0. Note that ϕ(D) is a linear operator and 0 denotes the zero sequence. It is easy to check that
Since the coefficients are in GF (2), we have ϕ(X 2 ) = ϕ(X) 2 , and thus if ϕ(D)χ = 0 then
i.e., Hχ also satisfies the same recurrence. The following theorem holds [M] .
Theorem 1. Let ϕ(X) be a polynomial over GF (2) whose degree p is a Mersenne exponent. Take χ ∈ S ∞ such that ϕ(D)χ = 0 and Hχ = χ. Then ϕ(t) is primitive if and onlyif
In the above theorem, put ϕ(X) := X p + X q + 1. Let T = (· · · , t 4 , t 3 , t 2 , t 1 , t 0 ) be an element of S ∞ such that ϕ(D)T = 0, i.e., for all non-negative integers i,
2p send the initial vector T 0 = (t p−1 , . . . , t 0 ) to the vector (t 2p−1 , t 2p−2 , . . . , t 0 ) of twice the length generated by the recurrence ( * ).
Since the linear recurrence sequence is determined by its initial vector of length p, computing H is equivalent to computing H • Extend.
(2) Compute successively the sequences S i , T i as follows.
is primitive, and otherwise not primitive.
Primitivity of pentanomials.
The necessary and sufficient irreducibility test used for pentanomials is a more naive method than that used for trinomials.
The pentanomial is irreducible if and only if the result equals 1.
, because X is an invertible element in the residue ring GF (2)[X]/ (f (X)). In the actual procedure, we compute successively the sequence X i from X 0 to X p , where
for more information. all 40656 candidates consumed a total accumulated time of 4.6 years; using 19 of the available processors, the search was completed in about 3 months. The non-exhaustive search for primitive pentanomials was done in the AIST computer center (RIPS), Tsukuba. We succeeded in finding two primitive pentanomials whose degree is M 28 .
Results
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